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Abstract. We generalize to the case of Lie superalgebras the classical sym- 
plectic double extension of symplectic Lie algebras introduced in [2]. We 
use this concept to give an inductive description of nilpotcnt homogeneous- 
symplcctic Lie superalgebras. Several examples are included to show the exis- 
tence of homogeneous quadratic symplectic Lie superalgebras other than even- 
quadratic even-symplectic considered in [6]. We study the structures of even 
(resp. odd)-quadratic odd (resp. even)-symplectic Lie superalgebras and odd- 
quadratic odd-symplectic Lie superalgebras and we give its inductive descrip- 
tions in terms of quadratic generalized double extensions and odd quadratic 
generalized double extensions. This study complete the inductive descriptions 
of homogeneous quadratic symplectic Lie superalgebras started in [6] . Finally, 
we generalize to the case of homogeneous quadratic symplectic Lie supcrargc- 
bras some relations between even-quadratic even-symplectic Lie superalgebras 
and Manin superalgebras established in [B]. 
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1. Introduction 

In this work, we consider finite dimensional Lie superalgebras over an alge- 
braically closed field K of characteristic zero. A homogeneous quadratic symplectic 
Lie superalgebras is a Lie superalgebra endowed with both a homogeneous invariant 
non-degenerate supersymmetric bilinear form and a homogeneous non-degenerate 
2-cocycle of its scalar cohomology. In the non-graded case quadratic symplectic 
Lie algebras appeared in [2], [4]. In particular, in [2] the quadratic symplectic Lie 
algebras was studied by using (generalized) symplectic double extension. Next, in 
[I], it was given new inductive descriptions of quadratic symplectic Lie algebras. 
The first description was obtained by rewriting the symplectic double extension 
in terms of quadratic double extension. The second description was obtained by 
means of the concept of double extension of Manin algebras. Recently in [6], a 
generalization to the case of Lie superalgebra of the quadratic symplectic double 
extension was done and an inductive description of quadratic symplectic Lie super- 
algebras was obtained by using this notion. Moreover, in the same paper, an other 
inductive description of quadratic symplectic Lie superalgebras was also obtained 
by introducing the generalized double extension of Manin superalgebras. The work 
in [6] lead us to ask two questions. 
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1. Does there exist homogeneous quadratic symplectic Lie superalgebras other 
than even-quadratic even-symplectic Lie superalgebras considered in [6]? 

2. Can we complete the study of the homogeneous quadratic symplectic Lie 
superalgebras started in [6]? 

In this paper, we give an affirmative answer for these questions. Namely, first we 
prove the existence of homogeneous quadratic symplectic Lie superalgebras by giv- 
ing some interesting examples of these superalgebras. Next we study the structure 
of homogeneous-symplectic Lie superalgebras and Lie superalgebras with simul- 
taneously homogeneous-quadratic homogeneous-symplectic structures and we give 
inductively its descriptions. The main tool used for our purpose is to develop some 
concept of double extensions. This concept of double extension was introduced by 
Medina and Revoy in [T3] in order to give inductive descriptions of quadratic Lie 
algebras. Other descriptions of Lie algebras are introduced in [9], [12]. A gener- 
alization of the concept of double extension to the case of Lie superalgebras was 
introduced in many work [l],(5],[7], in order to study homogeneous-quadratic Lie 
superalgebras. In particular, in [TJ, it has been proved that any perfect Lie su- 
peralgebra with reductive even part can not admits simultaneously even-quadratic 
and odd-quadratic structures. In the second section of this paper, more precisely 
in Proposition 12. 5[ we improve this result by proving that only abelian Lie super- 
algebras admitting simultaneously even-quadratic and odd-quadratic structures. 
Moreover, we prove that is not the case for homogeneous-symplectic Lie superal- 
gebras by giving some examples (Example 12.111 and Example I2.12j) of non-abelian 
Lie superalgebras which admit simultaneously even-symplectic and odd-symplectic 
structures. Next, in the third section we study the structure of homogeneous- 
symplectic Lie superalgebras by introducing the (generalized) double extensions 
of homogeneous-symplectic Lie superalgebras by a one-dimensional Lie supcral- 
gebra and we give an inductive description of nilpotcnt homogeneous-symplectic 
Lie superalgebras. The section 4 and 5 are dedicated respectively to give induc- 
tive description of odd-quadratic Lie superalgebras with homogeneous-symplectic 
strucutres and inductive description of even-quadratic odd-symplectic Lie superal- 
gebras. To give these inductive descriptions, we need to define a now concept of 
generalized double extensions and which are the even-quadratic generalized double 
extension by the abelian two-dimensional Lie superalgebra and the odd-quadratic 
generalized double extension by the abelian two-dimensional Lie superalgebra. Fi- 
nally, in section 6, we generalize to the case of homogeneous quadratic symplectic 
Lie superargebras some relations between even-quadratic even-symplectic Lie su- 
peralgebras and Manin superalgebras established in [6] . We present some concepts 
of generalized double extensions of special homogeneous-symplectic homogeneous- 
Manin superalgebras in order to give other inductive descriptions of homogeneous 
quadratic symplectic Lie superalgebras. 

2. Basic definitions and examples 
1.1 Basic definitions and preliminary results 

Definition 2.1. Let g be a Lie superalgebra. A bilinear form 9 on g is 
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(1) oddif% Q ,g Q ) = {0}, aeZ 2 . 

(2) even if #(g Q ,g^) = {0}, where (a,f3) G Z2 x Z2 with a ^ (3. 

(3) supcrsymmetric if 8(X,y) = (-1)^8(Y,X), Vx 6flw ,r efl|sl . 

(4) skew-supersymmetric if = _(-l)MM0(y, X), Vxeg,.„yeg, W |- 

(5) invariant if 6({X, Y], Z) = 6{X, [Y, Z]), V x ,Y,ze B - 

(6) non-degenerate if X G g satisfies 9(X, Y) = 0, Vy G g then X = 0. 

Definition 2.2. Let g be a Lie supcralgebra and uj a homogeneous bilinear form 
of degree a on g which satisfies the two following conditions: 

(1) a; is a skew-supersymmetric bilinear form, 

(2) (-i)i^i-i w (x,[y,z]) + (-i)i-^i w (y,[z,x]) + (-i)i«H z i w (z,[x,y]) = o, 

We say that w is a homogeneous scalar 2— cocyclc of g of degree a. 

Definition 2.3. A Lie supcralgebra g is: 

(1) even (resp. odd)-symplectic if there exists an even (resp. odd) bilinear form 
uj on g such that w is a non-degenerate scalar 2— cocycle. It is denoted by 
(g,w) and uj is called an even (resp. odd)-symplectic form on g. 

(2) even (resp.odd)-quadratic if there exists an even (resp. odd) bilinear form 
B on g such that B is a supersymmetric, non-degenerate and invariant. It 
is denoted by (g, B) and B is called an even (resp. odd)-invariant scalar 
product on g. 

The following definition giving in [1] in order to study odd-quadratic Lie super- 
algebras, will be very useful in this paper. 

Definition 2.4. Let g be a Lie superalgebra. We denote by -P(g) = Vg © V\ the 
Z2-graded vector space obtained from g with graduation defined by 

Vo := 01 and Vi := g 5 . 

Moreover, if we consider g* the dual space of g, then P(g*) and g* are equal as 
Z 2 -graded vector space such that 

V-* = g* and V* = q* . 



When we study Lie supcralgebra with homogeneous structures, a natural ques- 
tion arises: what about the compatibility of these structures? An answer of this 
question, in the case of homogeneous-quadratic perfect Lie superalgebra with re- 
ductive even part, is given in [1] where odd-quadratic Lie superalgebras have been 
studied. In the following proposition, we improve the result obtained in [T]. 

Proposition 2.5. Let (g, [,] ) be a Lie superalgebra. g admits simultaneously an 
even- quadratic structure and an odd-quadratic structure if and only if q is an abelian 
Lie superalgebra such that dirngg = dimQf. 
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Proof : Suppose that g is provided with an even-quadratic structure and odd- 
quadratic-structure which are denoted respectively by B and B. Using the non- 
degeneracy and the invariance of B and B, we deduce that the two maps 
: Bo — ^ So anc ^ ^ : 0i — > 0Q defined respectively by: 

</>(X)=B(X,.), and i>{Y) = B(Y, .), Vx efl0 ,Ye flI , 

are isomorphisms of gg-modulcs. Consequently, we obtain that gg and gj are 
isomorphic as gg-modules by means of $ := o <$>. On the other hand as 
(gi, -Bi := B\ x ) i s a symplectic vector space such that B\ is gg-invariant then, 
we deduce that the following bilinear form 

Ttggxgg^K denned by T(X, Y) := B^X), $(Y)), 

is a skew-symmetric, invariant and non-degenerate. So, for X, Y, Z G gg we have 

t([x,y],z) = T(x,[y,z]) = -T(x,[z,r]) = -r([x,z],r) 

= T([Z, X],Y) = T(Z, [X, Y]) = -T([X, Y],Z). 

Meaning by the non-degeneracy of Bi, that gg is an abelian Lie algebra. Besides, 
using the invariance of B it comes B([qq, gj] , gg) = B(qi, [gg, gg]) = {0} and which 
implies by the non-degeneracy of B that [gg,gi] = {0}. Finally, by the invariance 
of B, it comes , go) = ^(fll) [flijflo]) = {0} an d we deduce by the non- 

degeneracy of B that [qi, qi] = {0}. So, we conclude that g is an abelian Lie super- 
algebra. The fact that B is non-degenerate and odd implies that dimgg = dimgj. □ 

The following proposition generalize to homogeneous quadratic case and homo- 
geneous symplectic case the characterization established in [6] . 

Proposition 2.6. Let (g, B) be a homogeneous- quadratic Lie superalgebra. 

(i) If '(g, B) is an even-quadratic Lie super- algebra, then g admits an odd- symplectic 
structure lo if and only if there is an odd invertible skew- symmetric superderiva- 
tion A of (g, B) such that 

uj(X,Y) = B(A(X),Y), VX,Y e g. (2.1) 

(ii) If (g, B) is an odd-quadratic Lie superalgebra, then g admits an odd- symplectic 
structure u if and only if there is an even invertible skew- symmetric su- 
perderivation A of (g, B) such that the equation V2.1)) is hold. 

(Hi) If '({j, B) is an odd-quadratic Lie superalgebra, then g admits an even- symplectic 
structure uj if and only if there is an odd invertible skew- symmetric superderiva- 
tion A of (g, B) such that the equation h2.1\) is hold. 

Proof : The proof of this proposition is analogous to the Proposition 4.1 of [B]. □ 

Remark 2.7. Following the previous proposition, we deduce that every even (resp. 
odd)-quadratic Lie superalgebra that admits odd (resp. even) -symplectic structure 
it admits also even (resp. odd)-symplectic structure. Indeed, let (g, B, u>) be an even 
(resp. odd)-quadratic odd (resp. even)-symplectic Lie superalgebra. By the asser- 
tion (ii) of the above proposition, there exist an odd invertible skew-supersymmetric 
superderivation A of (g,B) such that uj(X,Y) = B(A(X),Y), Vx,Yg B - Consider 
A := [A, A]. Clearly A is an even invertible skew-supersymmetric superderivation 
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of (q,B). So, by the assertion (i) of the above proposition, we conclude that g 
admits even (resp. odd)-symplectic structure. 

Symplectic Lie algebras and quadratic symplectic Lie algebras have been studied 
in [2] and [4] where many examples of these algebras are included. Since our goal 
is to study homogeneous-symplectic Lie superalgebras and homogeneous quadratic 
symplectic Lie superalgebras, in this subsection we give some interesting examples 
of these superalgebras. Among The examples we will give, there are non-abelian 
Lie superalgebras which admit simultaneously even-symplectic and odd-symplectic 
structures. This phenomenon is different from homogeneous-quadratic Lie superal- 
gebras. Indeed, it was proved in Proposition ^. 5l that only abclian Lie superalgebras 
admit simultaneously even-quadratic and odd-quadratic structures. 

Example 2.8. Consider the two-dimensional Lie superalgebra m = Keo © Kei 
such that [eo,ei] = e\. Clearly, that the skew- super symmetric bilinear form u on 
m defined by w(eo, ei) = 1 and lo is null elsewhere is an odd-symplectic form on m. 
Moreover, it is easy to show that every two-dimensional odd-symplectic Lie super- 
algebra is either the abelian Lie superalgebra or isomorphic to m. 

Example 2.9. Let (A, .,B) be an odd-symmetric associative super- commutative su- 
peralgebra. The 2— dimensional odd-symmetric associative superalgebras defined in 
[3] are examples of this type of superalgebras. In addition, let us consider ((), [,Lw) a 
symplectic Lie algebra. The 1,2-gradeed vector space g := rj® A (where gg := f)(g>Ag 
and gj := f) ® A\) provided with the following bracket: 

[X®a,Y ®b]:=[X,Y\®a.b, (2.2) 

and the following bilinear form: 

n(X ® a, Y © b) := u{X, Y)B(a, b), VX, Y e I) and a,b e A 

is an odd-symplectic Lie superalgebra. 

To give other examples of homogeneous quadratic symplectic Lie superalgebras, 
we need some notions. We recall that for any Lie superalgebra f), we can consider: 

(1) g := f) © f)* the trivial even double extension of f) (i.e the double extension of 
{0} by f)). The bracket and the invariant product scalar of g arc given respectively 

by 

[X + f,Y + h] g := [X,Y\+X.h-(-lt M Y.f, 

and B(X + f,Y + h) = f(Y) + (-l) |x|ll ' l /i(X) J V(X + /) G fl N , (Y + h) e Q ]y] . 

(2) g := f) © -P(f)*) the trivial odd double extension of f) (i.e the odd double 
extension of {0} by f)). Its bracket is equal to the bracket of the trivial even double 
extension of I) and its odd-invariant product scalar is given by 

B(X + f,Y + h) = f(Y) + h(X), V(X +/) G S \ x \, (Y + h) e M . 
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The following lemma, given in [8], will be very useful to construct some inter- 
esting examples. 

Lemma 2.10. Let t) be a Lie superalgebra and (g, B) the trivial even or odd double 
extension of I). Let D be a homogeneous invertible super derivation of f) of degree 
d and denote by D* the homogeneous endomorphism of t)* of degree d defined by 
D*(f)(X) := -{-l) ad f o D(X), V/ £ (f)*) Q and X Then, the map D defined 

by 

D(X + f) :=D(X)+D*(f), V(X + /)efl W , 
is a homogeneous invertible skew- super symmetric superderivation of g of degree d. 

Applying remark 12.71 we deduce that Lie superalgebras obtained in Example 
12.111 and Lie superalgebras obtained in Example 12.121 below admit simultaneously 
even-symplectic and odd-symplcctic structures. 

Example 2.11. Let £ := £ ® £i, where £ := Kl © Kk and £j := Kh © Kki, 
be a Lie superalgebra with bracket defined by [lo,h] = fci, [^i 5 ii] = fco and null 
elsewhere. On £ ; we define the two linear maps D and A respectively by: 

D(k) = k, D(ki)=2ki, where ie {0,1}, (2.3) 

A(/ ) = l u A(h) = l , A(k ) = 2h, A(fe) = fo. (2.4) 

By definition, it is clear that D is even and A is odd. Moreover, by a simple 
computation, we can see easily that D and A are two invertible superderivations on 
£. Consequently, by the Lemma \2. 1(A we obtain that: 

(i) (£ © P(£*), B, D) is an odd-quadratic odd-symplectic Lie superalgebra. 

(ii) (£ © P (£,*), B, A) is an odd-quadratic even-symplectic Lie superalgebra. 
(Hi) (£ffi£*,-B,A) is an even-quadratic odd-symplectic Lie superalgebra. 

Example 2.12. Let us consider the super-vector space A :=< e\, ■ • ■ , e„, fx, • ■ ■ , f n >, 
where n > 1, such that Aq =< e\, ■ ■ ■ ,e„ > and A\ =< /i, • ■ ■ , f n >• Define the 
bilinear map " ." : A x A — > A by 

e-.e- := { 6i+j ' i+j - n 
*' 3 ' 1 elsewhere 

e, f- ■= { ' ' J ' " 

' ' 3 ' 1 elsewhere 

fi-fj ■= 0, Vi,j e {!,-■■ ,n}. 

provided with is easy to s/iow; t/iat A is an associative super- commutative 

superalgebra. Moreover, let t) be a Lie algebra. On the Lie superalgebra q := f) ® A 
which is defined as Example \2.9\ and provided with bracket (2.2]) . we define the 
following endomorphism D for homogeneous elements by 

D{X®e A ) = iX®f u D(X®fi) = X®e h VX el). 

By a simple computation, we can see that D is an odd invertible superderivation on 
q. Consequently, by the Lemma \2.1(A we obtain that 



LIE SUPERALGEBRAS WITH SOME HOMOGENEOUS STRUCTURES 



7 



(i) (q(Sq*,B,D) is an even- quadratic odd-symplectic Lie superalgebra, 
(ii) (0 ffi P{q*)tB,D) is an odd-quadratic even-symplectic Lie superalgera. 

Remark 2.13. Since all four-dimensional Lie superalgebras of Example 12.121 are 
abelian, we deduce that Lie superalgebras of Example 12.111 can not be obtained as 
Lie superalgebras of Example 12.121 

3. HOMOGENEOUS-SYMPLECTIC NILPOTENT LlE SUPERALGEBRAS 

In this section we give inductive descriptions of nilpotcnt homogeneous-symplectic 
Lie superalgebras. Our main tool to give these inductive descriptions is to gener- 
alize to the case of Lie superalgebras the classical symplectic double extension of 
symplectic Lie algebras introduced in [2]. We start with the following lemma. 

Lemma 3.1. Let (fl, w) be a homogeneous-symplectic Lie superalgebra, L a graded 
ideal of g contained in 3(g) and J its orthogonal with respect to lj. Then, J is a 
graded ideal of g. 

Proof : Since lu is homogeneous (even or odd) and / is graded it comes that J is 
graded. Using the fact that / is contained in 3(g) and the fact that lu is a scalar 
2-cocycle of g, we deduce that J is a graded ideal of g. □ 

2.1 Inductive description of odd-symplectic nilpotent Lie superalgebras 

We introduce the concept of double extension and the concept of the generalized 
double extension of an odd-symplectic Lie superalgebra by a one-dimensional Lie 
superalgebra Ke. In the first step, we obtain the central extension of P(Ke*) by an 
odd-symplectic Lie superalgebra (we consider {e*} the dual basis of {e}). 

Proposition 3.2. Let (g,w) be an odd-symplectic Lie superalgebra and D a homo- 
geneous super derivation on g of degree \e\. Define the bilinear form 7 : g x g — > K 
for homogeneous elements by 



Then the l^i-graded vector space P(Ke*) © g endowed with the following bracket 



[ae* + X, be* + Y] := j(X, Y)e* + [X, Y] s , V( a e>+x),(be-+Y)eP(Ke>)(B S (3-1) 



is a Lie superalgebra. P(Ke*) g is called the central extension of g by P(Ke*) by 
means of 7 . 

Proof : By a simple computation where we use that fact that a; is a scalar 2-cocycle 
of g and the fact that D is a homogeneous superderivation of g of degree | e | , we 
deduce easily that 7 is a scalar 2-cocycle of g and so the result. □ 

Theorem 3.3. Let (g,w) be an odd-symplectic Lie superalgebra, D a homogeneous 
superderivation on g of degree \ e \ and Xq € gg such that 



7(X,Y) 



U (D{X),Y)+(-l)\ 



e\\x 



oj(X,D(Y)) 



(i-(-i)' e| )0f> 



|2 --[x ,.]) = and (l-(-lp)D(x o ) = 0. (3.2) 
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Consider the following scalar 2-cocycle of g defined by 

6{X,Y) = w([p*((-l) |e|N P + D*) + (D + (-l) |e|(N+1) P*)p] (X),Y), Vx,Ye s , 

where D* is the adjoint of D with respect to LJ. If 8 is a 2-coboundary of Q (i.e 
there exist b £ gg such that 0(X,Y) = w(& , [X, Y]), Vx.ye B j, which is the case 
if D is an odd superderivaion for bo = ^xq then the linear map D on P(Ke*) © g 
defined by 

D(ae* + X) := D(X) - cj(b Q , X)e\ V oe . +Jf eP(Ke , )ffifl 

is a homogeneous superderivation on P(Ke*) ©go/ degree | e |. Consequently, the 
lii-graded vector space i = P(Ke*) © g © Ke endowed with the following bracket 
defined by 

[e,e] = |(l-(-l) |e! )^o ; [e,X] = D(X); 

[X,Y] = [X,Y] g +~f(X,Y)e*, V XiY£g . 

is a Lie superalgebra. Moreover the skew- super symmetric bilinear form il on t 
defined by 

0| x — u>, tt(e*,e) = 1, and Q is null elsewhere, (3-3) 

is an odd-symplectic form on t. (t, Q) is an odd-symplectic Lie superalgebra which 
we called the double extension (resp. generalized double extension )of (g,w) by the 
one- dimensional Lie algebra (resp. the one- dimensional Lie superalgebra with null 
even part) by means of (D,bo) (resp. (D,xo)). 



Proof: we start by proving that D G (Der(P(Ke*) ©£j))i e i- Meaning we have to 
show that 

+ (_1)HI* 



D([X,Y] P 



)= D(X),Y 



(Ke*)ffi fl J 



Analyzing each term, we get: 



P(Ke*)©g 



X,D 



,V 



P(Ke*)© B 



X.YGfl- 



D(X),Y 



+ (-!)' 



X,D 



) = D([X,Y])-u:(b ,[X,Y})t 



-P(Ke*)©g 



= [D(X),Y] + (-lf^[X,D(Y)} 
- 0(X,Y). 



Since D is a superderivation of degree | e | and 0(X, Y) :— ui(bo, [X, Y]), we have D 
is a homogeneous superderivation of P(Ke*)©g of degree \ e \ . So we conclude that 
we can consider t = P(Ke*) ©gffiKe the semi-direct product (resp. the generalized 
semi-direct product) of P(Ke*) © g by the one-dimensional Lie algebra (resp. the 
one-dimensional Lie superalgebra with non even part) Ke by means of D (resp. 
(D,xq)) and so the result. □ 



Proposition 3.4. Let (q,uj) be an odd-symplectic Lie superalgebra such that ^(g) ^ 
{0}, then (g,w) is either a double extension or a generalized double extension of an 
odd-symplectic Lie superalgebra (f),^) by a one- dimensional Lie superalgebra. 
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Proof : Let e* be a homogeneous non zero element of 3(g) and / := Ke* the ideal 
of g generated by e*. By Lemma [3.11 it comes that J = I- 1 is a graded ideal of 
g. Since u> is odd, it is clear that I C J. As w is odd and non-degenerate then 
there exists e S 0i e *|+i such that w(e*, e) 7^ 0. From the non-degeneracy of uj, there 
exists a graded vector space f) of g such that u>(e* , f)) = {0} = u>(e, f)), J = I ® f) 
and cot, = u)\. x . is a non-degenerate form on f). Since f) is a graded vector space of 
g contained in the graded ideal J then the bracket of g takes the form : 

[X,Y] = i(X,Y)e*+a(X,Y), 

where a(X, Y) G f) and r )(X 1 Y) S IK. Since g is a Lie superalgebra, it comes 
directly that (f), a) is a Lie superalgebra. Besides it not difficult to see that Wf, is an 
odd-symplectic from on fj. Now concerning the rest of bracket in g takes the form 



[e,X] = D(X) + /3(X)e*, and [e, e] = J(l - (-l) |e| )(fce* + x ), V 



where D(X) S (), ceo S f)o and P{X), tel. The fact that w is a scalar 2-cocycle of 
yields that fe = 0, (1 - (-l) |e| )(/3(X) + \u{x Q ,X)) = and 



7 (X, Y) = — L„ r)+(-l)HN W6 (X, D(Y)) 



On the other hand, by the graded identity of Jacobi, it follows that (1 — ( — l)' e )D(xq) 
0, (1 — (— l)' e ')(Z) 2 — i [xo, •]) = 0, £) is a homogeneous superderivation of tj of degree 
I e I and for homogeneous elements X and Y in f), we have 

/3([X,y]) = -w„([L>*((-l) |e||:l;| L> + L>*) + (Z) + (-l) |e|(|:l;|+1) L>*)Dj(X),y). (3.4) 

Meaning that if D is an odd superderivation, then the condition (|3.4[) is trivially 
satisfied whereas if D is an even superderivation, then the condition (|3.4[) implies 
that the bilinear form 

6(X,Y) := - w „([^*(^ + ^*) + (Z? + ^*)^] (X),y),Vx,ye6. 

is a scalar 2-coboundary of f). Since Wf, and /3 G ()*, then there exists a unique zo E (} 
such that j3 = u>(zo, .). Now applying Theorem 13.31 we obtain that g is either the 
double extension of (f),W[,) by the one-dimensional Lie algebra Ke by means of 
(D,z ) or the generalized double extension of (f), w h) by the one-dimensional Lie 
superalgebra Ke with null even part by means of (D,xq). □ 

If we consider (fl,cj) a nilpotent odd-symplectic Lie superalgebra, then the odd- 
symplectic Lie superalgebra (f),o;^) obtained in Proposition 13.41 is also a nilpotent 
odd-symplectic Lie superalgebra. So we can give an inductive description of nilpo- 
tent odd-symplectic Lie superalgebras. 



Corollary 3.5. Every non-null nilpotent odd-symplectic Lie superalgebra is ob- 
tained from {0} by a sequence of double extensions by the one- dimensional Lie 
algebra and/or generalized double extensions by the one- dimensional Lie superalge- 
bra with null even part. 



2.2 Inductive description of nilpotent even-symplectic Lie superalgebras 
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In this subsection we give inductive description of nilpotent even-symplectic Lie 
superalgebra after introducing the double extension and the generalized double 
extension of an even-symplectic Lie superalgebra by a one-dimensional Lie super- 
algebra. 



Proposition 3.6. Let (g,w) be an even-symplectic Lie superalgebra and D a homo- 
geneous super derivation on g of degree \ e | . Define the bilinear form 7 : g x g — > K 
for homogeneous elements by 

j(X,Y) = -(-l) |e| [u(D(X),Y) + (-l)^u(X,D(Y)) . 

Then the ^-graded vector space Ke* ©g endowed with the following bracket 

[ae* + X,be* +Y) := j{X,Y)e* + [X, Y] g , V (ae , +x)i(be . +y)eKe » efl 

is a Lie superalgebra. Ke* © g is called the central extension of g by Ke* by means 
of 7- 



Theorem 3.7. Let (q,uj) be an even-symplectic Lie superalgebra, D <= (Der(g)) | e | 
and xq 6 go such that 

= (l-(-l) lel )D(x ), (3.5) 

= (l-(-l) |e| M Vo ), (3.6) 

= (1_(-1)M)(I>2- I [*„,.]). (3.7) 
Consider the following scalar 2-cocycle of Q defined by 
9{X,Y) = -{-lf^{ 

where D* is the adjoint of D with respect to uj. If 9 is a 2-coboundary of q (i.e there 
exist bo £ go such that 9(X, Y) = io(b , [X, Y]), Vx.Yegj, which is the case if D is 
an odd superderivaion (we choose bo = \x§), then the linear map D on Ke* ffi g 
defined by 

D(ae* + X) := D{X) + u(b , X)e*, V (ae . +X ) eKe *e s 
is a homogeneous super derivation on Ke* ©go/ degree | e |. Consequently, the 
1,2-graded vector space t = Ke* ffigffiKe endowed with the following bracket defined 
by 

[e,e] = i(l-(-l) |e| )x ; [e,X] = D(X); 
[X,Y] = [X,Y] z+1 {X,Y)e*, Vx,y e „. 

is a Lie superalgebra. Moreover the skew- super symmetric bilinear form on t 
defined by 

f2| x = ui, f2(e*,e) = 1, and O is null elsewhere, (3-8) 

is an even-symplectic form on t. (t, £1) is an even-symplectic Lie superalgebra which 
we called the double extension (rep. generalized double extension )of (q,lo) by the 
one- dimensional Lie algebra (resp. the one- dimensional Lie superalgebra with null 
even part) by means of (D,bo) (resp. (D,xq)). 



D*{{-l) HM D+D*)+{D+{-l) 



\ e \(\ x \+ 1 ) n*^ 



D*)D (X),Y), V 



LIE SUPERALGEBRAS WITH SOME HOMOGENEOUS STRUCTURES 



11 



Proposition 3.8. Let (q,uj) be an even-symplectic Lie superalgebra different from 
the one- dimensional Lie superalgebra with null even part. 1/3(0) 7^ {0} 7 then (q,cj) 
is a one of the three following propositions: 

(i) Double extension of an even-symplectique Lie superalgebra by the one di- 
mensional Lie algebra, 

(ii) Generalized double extension of even-symplectic Lie superalgebra by the one- 
dimensional Lie superalgebra with null even part, 

(Hi) Orthogonal direct sum of a non- degenerate one- dimensional graded ideal of 
g with null even part and a non-degenerate graded ideal of q with null center. 



Proof: Since 3(0) ^ {0}, then we have to analyze two cases. 



First case: We suppose that 3(g) n go {0}- We denote 7 := Ke*, where 
e * £ 3(0) I" 1 00 \ {0}i an d J its orthogonal with respect to uj. Since uj is even and 
skew-supersymmetric, it is clear that I C J. As uj is even and non-degenerate then 
there exists e G go such that uj(e*,e) = 1. From the non-degeneracy of uj, there 
exists a graded vector space f) of g such that w(e*, f)) = {0} = uj(e, f)), J = 7 ® f) 
and Wf, = W| 6xe is a non-degenerate form on f). Since f) is a graded vector space of 
g contained in the graded ideal J then the bracket of g takes the form : 

[X,Y] = j(X,Y)e* + a(X,Y) and [e, X] = D(X) + f3(X)e* , V x ,y ef) , 

where a(X, Y),D(X) G f) and */{X, Y),(3(X) G K. Since g is a Lie superalgebra, it 
comes directly that (f),a) is a Lie superalgebra. Besides it not difficult to see that 
OJfj is an even-symplectic from on (f),a). Moreover, by using the fact that uj is a 
scalar 2-cocycle, we deduce that 

l(X,Y) = -[uj t ,(D(X),Y)+uj f) (X,D(Y)) 

On the other hand, by the graded identity of Jacobi, it comes that D is an even 
superderivation of f) and for homogeneous elements X and Y in f), we have 



(3([X,Y]) = -uj t) ([D*(D + D* 
which prove that the bilinear form 9 : f) x I) 



(D + D*)D\ (X),Y), 
> K defined by 



(3.9) 



6(X,Y) := -w 6 ([D*(D + D*) + {D + D*)D\ (X),Y), Vx,y G ft, 

is a scalar 2-coboundary of [). Since wp, is non-degenerate and /3 € f)*, then there 
exists a unique Zq 6 f) such that /? = u;(z , ■)■ Now, applying Theorem 13.71 we con- 
clude that g is the double extension of (f), w ii) by the one-dimensional Lie algebra 
Ke by means of (D, zq). 



Second case: We suppose that 3(g) Hgo = {0}. Since 3(g) ^ {0}, then we have 

3(0) n 01 ^{0}. 

• If dim{i{Q) n gj) = 1, then 3(g) = 3(g) n 0j = Ke*. Set uj(e* , e*) = k, where 
k G K. If k / 0, then we have / := Ke* is a non-degenerate graded ideal of g and 
g = / ffi I- 1 . By Lemma [3.11 it comes that 7 is a graded ideal of g. Since 7 is 
non-degenerate and dim($(g)) = 1, we deduce that 7^ is a non-degenerate graded 
ideal of g with null center. If now k = 0, then we have 7 := Ke* is totally isotropic. 
As uj is even and non-degenerate then there exists e G Qi such that w(e*,e) = 1. 
From the non-degeneracy of uj, there exists a graded vector space f) of g such that 
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oj(e* , ()) = {0} = ui(e, f)), J = I ® i) and Wt, = W| 6x6 is a non-degenerate form on 
t). Since 1} is a graded vector space of q contained in the graded ideal J then the 
bracket of g takes the form : 

[X,Y] = -y(X,Y)e* +a(X,Y), [e, X] = D(X) + /3{X)e* and [e,e]=x , 

for all X,Y e f), where a(X,Y),D(X) ei),x e fjg and 7(X,F),^(X) e K. Since 
is a Lie supcralgcbra, it comes directly that (I), a) is a Lie superalgebra. Besides 
it not difficult to see that wjj is an even-symplectic from on (). Moreover, by using 
the fact that w is a scalar 2-cocycle, we deduce that j3(X) = hoj(xo,X) and 



On the other hand, by the graded identity of Jacobi, it comes that u>(xo,xq) = 0, 
D(xq) = 0, D 2 = ^adf)(xo) and D is an odd superderivation of f). Hence we 
conclude, by applying Thcorcm l3.71 that (q, oj) is a generalized double extension of 
(fjjWf,) by the one-dimensional Lie superalgebra with null even part Ke by means 
of (D,x a ). 

• If now we suppose that dim(i(o) H qi) > 2, then we can see easily that there 
exists e* £ 3(0) fl flj \ {0} such that oj(e*, e*) = i.e / := Ke* is a totally isotropic 
graded ideal. Using the same reasoning when dim($(g) D Qi) = 1, we deduce that 
(q,uj) is a generalized double extension of an even-symplectic Lie supcralgcbra by 
the one-dimensional Lie supcralgcbra with null even part. □ 



Corollary 3.9. Every nilpotent even-symplectic Lie superalgebra different from the 
one- dimensional Lie superalgebra with null even part is obtained as either (i) or (ii) 
of Proposition \S.8\ 

Remark 3.10. If {q,u>) is a nilpotent even-symplectic Lie supcralgcbra, then the 
even-symplectic Lie superalegrba (f), Wf,) obtained in Proposition ^. 8l is also a nilpo- 
tent even-symplectic Lie superalegrba. 

Consequently, by the Corollary 13.91 and the Remark 13.101 we can give an induc- 
tive description of nilpotent even-symplectic Lie superalgebras. Consider U the set 
composed by {0} and the one-dimensional Lie superalgebra with null even part. 

Corollary 3.11. Every nilpotent even-symplectic Lie superalgebra is either an el- 
ement of it or obtained from a finite number of elements of U by a finite sequence 
of double extensions by the one- dimensional Lie algebra and/or generalized double 
extensions by the one- dimensional Lie superalgebra with null even part. 

Proof: Let (g, uS) be a nilpotent even-symplectic Lie superalgebra. To prove that 
is obtained as the Corollary 13. Ill we proceed by induction on the dimension n 
of 0. If n = 1, then we deduce, by the skew-symmetry of w, that is the one- 
dimensional Lie superalgebra with null even part. Suppose that the Corollary is 
true for dimg < n with n > 2 and we consider dimg — n. By the Corollary [379] and 
the Remark 13.101 we obtain that is a double extension or a generalized double 
extension of a nilpotent even-symplectic Lie superalgebra f) by a one-dimensional 
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Lie superalgebra. In this case dim\) = dimg — 2 < n. If f) is neither {0} nor the 
one-dimensional Lie superalgebra with null even part, then we apply the induction 
hypothesis to f), which complete the proof. □ 

In the sequel, we apply the same reasoning followed in [6] but not the same 
tool to give an inductive description of the homogeneous symplectic quadratic Lie 
supcralgcbras. In [6], the authors used the quadratic generalized double extension 
of a quadratic Lie superalgebra by a one-dimensional Lie superalgebra to give an 
inductive description of quadratic symplectic Lie superalgebras. However, in this 
work, we use the odd-quadratic generalized double extension of an odd-quadratic 
Lie superalgebra by the one-dimensional Lie superalgebra with null even part to 
give an inductive description of the odd-quadratic odd-symplectic Lie superalgebras. 
Moreover, we introduce even (resp. odd)-quadratic generalized double extension of 
even (resp. odd)-quadratic Lie superalgebra by the abelian two-dimensional Lie 
superalgebra to give an inductive description of the even (resp. odd)-quadratic odd 
(resp. evcn)-symplectic Lie superalgebras. 

The following lemma it will be very useful in the study of homogeneous quadratic 
symplectic Lie superalgebras. 

Lemma 3.12. Let {g,B,u) be a homogeneous quadratic symplectic Lie superalge- 
bra, then 3(g) := {X e g, [X,g] = {0}} is non-null. 

Proof . Following Proposition 12.61 there exist A a homogeneous invertible skew- 
supersymmetric supcrderivation of g such that u>(X, Y) := B(A(X),Y), \/X, Y G g. 
We have to analyse two cases: 

First case: Suppose that A is an even invertible superderivation on g. Since the 
restriction A| fl _ of A to go is an invertible derivation of go, then by [TP] , it follows 
that gg is a nilpotent Lie algebra. Hence, by QT], g is a solvable Lie superalgebra. 
Meaning that [g, g] ^ g and so 3(g) ^ {0} since 3(g) = [g, g] with respect to B. 

Second case: Suppose that A is an odd invertible superderivation on g and 
consider A := [A, A]. Clearly that A is an even invertible superderivation on g and 
consequently we have the result from the first case of this proof. □ 



4. Odd-quadratic Lie superaglebras with homogeneous symplectic 

structures 

3.1 Odd-quadratic odd-symplectic Lie superalgebras 

The notion of generalized odd double extension of an odd-quadratic Lie superal- 
gebra by the one-dimensional Lie superalgebra with null even part was introduced 
in pQ . This notion will be very useful to give inductive description of odd-quadratic 
odd-symplectic Lie superalgebras. For, this reason, we start by recalling the gen- 
eralized odd double extension of odd-quadratic Lie superalgebras introduced in [T| . 
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Let (g, B) be an odd-quadratic Lie superalgebra, Ke the one-dimensional Lie su- 
peralgebra with null even part (i.e Ke = (Ke)j), k G K, xq £ Qq and D an odd 
skew-symmetric supcrdcrivation on g such that: 

D{x o ) = and I) 2 = ^ad B (x )- (4.1) 

On the Z 2 -graded vector space g := P(Ke*) ©g©Ke, we define the following bracket 
[e,e] 5 = xo + fce*, 

[e,X] 5 = 5(X) + S( a; o,X) e *, (4.2) 
[x,y]~ = [X,Y] B + fl(DpO,y)e*, 
and the following symmetric bilinear form 

-B| flXg := B, B(e*,e) = l and B is null elsewhere. (4-3) 

Provided with bracket [,]~ and the bilinear form B, g is an odd-quadratic Lie su- 
peralgebra. Following [I], (g,B) is called the generalized odd double extension of 
(g, B) by Ke by means of (D, Xo,k). 

Now, we consider the generalized odd double extension (g, B) of the odd-quadratic 
Lie superalgebra (g, B) by the one-dimensional Lie superalgebra by means of (D, xq, k). 
We suppose that there exist an even invertible skew-supersymmetric superderiva- 
tion 5 on (g,B). By Proposition 12.61 (q,B, ui) is an odd-quadratic odd-symplectic 
Lie superalgebra. Let c\ £ gi and A £ K \ {0} such that 

B(d,x ) = Xk, 2D{a) = 5(x ) + 2\x , [5, D] + XD = ad B ( Cl ). (4.4) 
Then, the following linear map A defined on g by 

A(e*) = Ae*, A(X) = 6{X) - B(a, X)e*, A(e) = -Ae + Ci, (4.5) 

is an even invertible skew-symmetric superderivation on (g,B). Consequently, 
(g, to), where w(., .) := B(A(.), .), is an odd-symplectic Lie superalgebra. The odd- 
quadratic odd-symplectic Lie superalgebra (g, B, ui) is called the generalized odd 
double extension of the odd-quadratique odd-symplectic Lie superalgebra (g, B, ui) 
by the one-dimensional Lie superalgebra by means of (£>, Xq, Ci, A). 

Remark 4.1. For an odd-quadratic odd-symplectic Lie superalgebra (q,B,uj), we 
have 3(flg) {0}- Moreover, following the parity and the invariance of B, it comes 
3(So) Q 3(0) n 00- So we have 3(g) (~l gg 7^ {0}. For this reason, in this section, we 
consider only the generalized odd double extension of odd-quadratic odd-symplectic 
Lie superalgebra by the one-dimensional Lie superalgebra with null even part. 

Proposition 4.2. Every odd- quadratic odd-symplectic Lie superalgebra is a gen- 
eralized odd double extension of an odd-quadratic odd-symplectic Lie superalgebra 
(f), -BfjjWf,) by the one- dimensional Lie superalgebra with null even part. 
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Proof : Let (g, B, ui) be an odd-quadratic odd-symplectic Lie superalgebra and A 
the unique even invertible skcw-supcrsymmetric supcrdcrivation of (g, B) such that 
w(X,Y) = B(A(X),Y), for all X,Y G g. Since A is invertible, the field K is 
algebraically closed and A (3(0) n gg) = 3(g) n gg, there exist a non zero scalar A 
and a non zero vector e* in 3(0) D gg such that A(e*) = Ae*. If we denote by I 
the graded ideal generated by e* and J its orthogonal with respect to B, then it is 
clear that / C J. Since B is an odd and non-degenerate, then there exist e G gj 
such that B(e*,e) = 1. The fact that W := Ke* © Ke is non-degenerate, yields 
that g = W © f) where () = W L with respect to B. It comes that P[, := S|, x ij is 
non-degenerate. By the proof of Proposition 2.15 ofpQ, (f), [ik := p° [, ] L X h' -^ft) * s 
an odd-quadratic Lie superalgebra where p : f) © Ke* — > \) denotes the projection 
p(X + ae*) = X, for all X in f). It comes also following the same proposition that 
g is the generalized odd double extension of (f), [, k, -Bf,) by the one-dimensional Lie 
superalgebra with null even part Ke by means of (D,xg,k), where D := poad g (e)\. 
and [e, e] = x + ke* . Since g = P(Ke*) © f) © Ke, A(J) C J and J = P(Ke*) © f) 
then we have: 

A(e*) = Ae*, 
A(e) = ci + ae, 

ApO = //pOe + <JpO, Vied, 

where a, € K, C! G f)j and 5(X ) G f). By the skew-supersymmetry of A, we get 

<5 is skew-symmetric with respect to B^, a = —A and /J,(X) = — B^{c\, X), VX G f). 
In addition, the fact that A is an even invertible supcrdcrivation on g, implies that 

A [X, Y] = [A(X), Y] + [X, A(F)] ,VI,Fe 

Consequently, we obtain 5 is an even supcrdcrivation on f) and [5, D]+XD = ad^ (ci). 
Moreover since A([e,e]) = 2[e, A(e)], then we have S(xo) + 2Xxq = 2D(c\) and 
B{xq, ci) = Afc. Hence, we obtain that the conditions (|4.4p are satisfied. So, we de- 
duce that (g, B, u>) is a generalized odd double extension of the odd-quadratic odd- 
symplectic Lie superalgebra (f), Bj,, Wf,), where Wf,(X, F) = S(,(5(X),F), VX, Y G 
(), by the one-dimensional Lie superalgebra by means of (£>, xq, ciA). □ 

It is clear that every 2-dimensional odd-quadratic odd-symplectic Lie superalge- 
bra is abelian. Consequently, we have the following corollary. 

Corollary 4.3. Every non-null odd-quadratic odd-symplectic Lie superalgebra is 
obtained from {0} by a finite sequence of generalized odd double extensions by the 
one- dimensional Lie superalgebra with null even part. 

3.2 Odd-quadratic even-symplectic Lie superalgebras 

In the following, we are going to give inductive description of odd-quadratic 
even-symplectic Lie superalgebras by using the notion of generalized double exten- 
sion. To be done, we begin by introducing the notion of the generalized double 
extension of odd-quadratic Lie superalgebras by the two-dimensional abelian Lie 
superalgebra. 

Theorem 4.4. Let (g, B) be an odd-quadratic Lie superalgebra, D and D two skew- 
super symmetric super derivations on g which are respectively even and odd and let 



16 



IMEN AYADI , HEDI BENAMOR , SAID BENAYADI 



xq e go and ii 6 gj such that the following conditions are satisfied 

D 2 = \ad e {x a ) D(x ) = 0, (4.6) 

[D,D] = ad a (xi), D{x ) = 2D( Xl ), B(x o ,x 1 ) = 0. (4.7) 

Then, the ^-graded vector space i := P((Keo © Kei)*) © g © Keo © Kei, where 
Keo © Kei is the two-dimensional abelian Lie superalgebra, endowed with the even 
skew- super symmetric bilinear map [, ] :txt — > i defined by 

[X,Y] := [X,Y] s + B(D(X),Y)e* +B(D(X),Y)et, VX,Y e fl, 

[e ,X] := ^(X)-B(x 1 ,X)e *, 

[ei,X] := 5(X) + B(x ,X)e *+B(x 1 ,X)e 1 *, 

[e ,ei] := xi, [e x , ei] := fce * + a; , fc 6 K, 

is a Lie superalgebra. Moreover, the super symmetric bilinear form 7 : t x t — > K 
defined by: 

l\ gX3 '■= B, 7(eg, eo) = 1 = 7(e*, e\) and 7 is null elsewhere, (4-8) 

is an invariant odd scalar product i. In this case, we say that (t, 7) is the general- 
ized odd double extension of (g, B) by the two-dimensional abelian Lie superalgebra 
Keo © Kei by means of (D, D,xo,xi,k). 

Following the hypotheses of the previous theorem, we remark that we can con- 
sider the generalized odd double extension of g by the one-dimensional Lie superal- 
gebra with null even part Kei by means of (D, xq). So, wc can rewrite the previous 
theorem as follows. 

Proposition 4.5. Let (g := Ke^ © g © Kei, [, ] j, 5) be the generalized odd dou- 
ble extension of the odd-quadratic Lie superalgebra (g, B) by Kei by means of 
(D,Xo,k) (we suppose that P(Ke|) := Kegj. Consider D an even skew- symmetric 
superderivation on (g, B) and X\ S g\ such that: 

[D,D}=ad s ( Xl ), D(x ) = 2D( Xl ), B(x o ,x 1 ) = 0. (4.9) 

Then, the linear map D on g defined by 

' D(X):=D(X)-B(x u X)e* , VX e , 
< D(ei) := xi, 
k D(e* ) :=0, 

is an even skew- super symmeric superderivation on (g,B). Consequently, the 'Li- 
graded vector space t := KeJ © g © Keo (we suppose that P(Keo) := Kei) endowed 
with the skew- super symmetric bilinear map [, ] : t x t — > t defined by 

[X,Y] := [X,Y}~ + B(D(X),Y)et, 

[ei,X] := [e 1 ,X]~ + B(x 1 ,X)e* 1 , 

[ei,ei] := [ei,ei]j, 

[e ,X] := D{X), [e , ei] := 5(ei), 
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and the bilinear form 7 : t X t — > K defined by 

"Hgxg := ^> 7( e O: e o) : ~ 1 an d 7 * s nu M elsewhere (4-10) 
is an odd-quadratic Lie superalgebra. (t, [, ] , 7) is called the odd double extension of 
the odd-quadratic Lie superalgebra (g, B) by the Lie algebra Keo by means D. 



Proof: By a simple computation where we use conditions (|4.9p . we deduce that D 
is an even skew-supersymmetric superderivation of (g, B). So, folowing pQ, we can 
consider the double extension of (§, £?) by the Lie algebra Keo by means of D. □ 

Now we are going to introduce the generalized odd double extension of an odd- 
quadratic even-symplectic Lie superalgebra by the two-dimensional abclian Lie su- 
peralgebra. 



Proposition 4.6. Let {q,B,uj) be an odd-quadratic even-symplectic Lie superal- 
gebra and 8 the unique odd invertible skew- symmetric superderivation on g such 
that oj(X,Y) = B(8(X),Y), VX, Y 6 g. Consider (t, 7) the generalized odd double 
extension of (g, B) by the two-dimensional abelian Lie superalgebra Keo ffi Kei (by 
means of (D, D, xq, x\, k) ). If there exist co £ go, c\ <E gj, A 6 K \ {0} and a S K 
such that the following conditions are satisfied: 



ad B (co) 
ad s (ci) 
S(x ) 
6(xi) 
Xk 



[S,D]-XD, 
[8, D} + XD, 
-2D(cq) + 2Xx u 
D(co) + D( Cl ) - Xx , 
B(ci,x ) - 2B(xi,c ), 



(4.11) 
(4.12) 
(4.13) 
(4.14) 
(4.15) 



Then the following linear map A on t defined by: 



A(eo):=Ae*, A(e*) := Ae^, A(e ) := c\ - Aei, A(ei) := ae^ + cq + Xe , 

A{X) :=B(co,X)e* +6(X)-B(c u X)e* 1 . 
is an invertible odd skew-supersymmetric superderivation on (t, 7). Consequently, 
(t, 7, £1) is an odd-quadratic even-symplectic Lie superalgebra, where fi : t X t — > K 
is defined by 

Q(X,Y) := 7 (A(X),Y), VX,Yet. 



The odd-quadratic even-symplectic Lie superalgebra (t, 7,17) is called the generalized 
odd double extension of (g,B,uj) by the two-dimensional abelian Lie superalgebra 
Keo © Kei by means of (£>, D, xq, xi, cq, ci, A). 



Proof . Since 8 is odd and invertible so is the map A. Next, we have to see that 

A[X,Y] = [A(X),Y] + (-1) 1 * 1 [X,A(Y)\ , e t w ,fe t. (4.16) 

Analyzing each term, we obtain easily from conditions (|4.11j) and (|4.12j) and the fact 
that B is invariant and 8 is an odd skew-symmetric superderivation, that (|4.16|) hold 
for X e Q\ X \,Y 6 g. In addition, from (|4TT2|) and (|L14|) (resp. (jLTTj) and (|L14|) ). we 
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deduce that (|4.16p hold for eo and leg (resp. ei and l6g) Finally, using con- 
ditions (|4~14| and (|4~T5|) (resp. (|4T3| and (|4~T5|) ). we infer that (|4~T6]) hold for e 
and e± (resp. e\ and ei). To complete the proof, we have to ensure that the odd su- 
perderivation A is skew-symmetric. As S is an odd skew-symmetric supcrderivation 
of (g,B), it follows that B(A(X),Y) = -{-l)^B(X, A(Y)), \/X £ Q\ X \,Y £ g. 
The other cases come trivially, so the proof is complete. □ 

Our next goal is to establish the converse of Proposition 14.61 

Proposition 4.7. Every odd- quadratic even-symplectic Lie superalgebra (g,B,u) 
is a generalized odd double extension of an odd- quadratic even-symplectic Lie su- 
peralgerba (f), Bh, LJfj), where dimk) = dimg — A, by the two-dimensional abelian Lie 
superalgebra. 

Proof : Let A be the unique odd invertible skew-symmetric superderivation on 
such that uj(X,Y) = B(A(X),Y), \/X,Y £ g. The fact that the field K is 
algebraically closed, A is inversible and A(3(g)) = 3(g), implies that there exists 
e * G ^(fl) \ {0} such that A(e*) = Ae*, where A £ K \ {0}. More precisely, wc 
have e* = eg + e*, where £ 3(0) H go \ {0} and e* £ 3(0) D 0i \ {0}, such that 
A (eg) = Ae* and A(e*) = Ae*,. We denote the graded ideal I := Keg © Ke* and 
J its orthogonal with respect to B. Since u> is skew-supersymmctric, we obtain 
B{e^,e\) = and so we have I C J. As B is odd and non-degenerate, then there 
exist eo £ gg an d ei £ 01 such that -B(e*,, ei) ^ and B(e\, eo) 7^ 0. We can choose 
eo and ei such that 

B(e ,e*) = 1 = B(ei,eg) and B(e ,ei) = 0. 

Consider the four-dimensional Z2-graded vector subspace W := /©KeoffiKei of g. 
Since B\ WxW is not degenerate, we have q = W ® f), where (} is the orthogonal of 
W with respect to _B. It comes that B^ = -BLxh ^ s non-degenerate and J = I © f). 
As f) is a graded vector subspace of g contained in J, we have that 

[X,Y] = a{X,Y) + is(XXK +t/(X,Y)el, VX,Yet) 

where a(X,Y) £ f) and u(X,Y),v'(X,Y) £ K. Since (g, [,]) is a Lie superalgebra, 
we deduce that (f),a) is a Lie superalgebra. Besides, by the invariance of B, it 
comes directly that 

Bf,{a{X, Y), Z) = B U (X, a(Y, Z)), VX, Y,Z&f). 

Then, we conclude that (f), a, B^) is an odd-quadratic Lie superalgebra. For X £ f), 
we have 

[e ,X]=D(X) + f(X)e* + h(X)el and [e u X] = D(X) +F(X)e* +H(X)e* 1 , 

where D(X),D(X) £ t) and f(X), h{X), F(X), H (X) £ K. Moreover, by the invari- 
ance of B, we obtain -B(eo, [eo, ei]) = = B(cq, [eo, ei]) and it follows that [eo, ei] = 
x\. where x\ £ t)j. Once more, by the invariance of B, we get B(eJ, [ei,ei]) = 
and consequently [ei, e{\ = ke$ + xq, where xq £ ()o and fcgK. 

Claim D and D are two skew-supersymmetric superderivations of ((),£?[,) such 
that the conditions (|4.6p and (|4. 7[) of Theorem 14.41 are satisfied. 
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Proof of the Claim : It is clear that D and D are two endomorphisms which are 
respectively even and odd. Moreover, for e, and X, Y G t), where i G {0,1}, it 
comes by the graded Jacobi identity and the invariance of B that D and D are two 
skew-symmetric supcrdcrivations of f) such that the conditions (|4.6[) arc satisfied. 
In addition the conditions (|4.7[) arc obtained by the non-degeneracy of B and the 
graded Jacobi identity for eQ,e\,x G f) and eo,eo,ei. Consequently, by Theorem 
14.41 we obtain that (g, B) is a generalized odd double extension of the odd-quadratic 
Lie superalgebra (f), Bty) by the two-dimensional abelian Lie superalgebra KeoffiKei. 

Now, the fact that A is skew-symmetric and A(7) C /, implies that A(J) C J. 
Consequently, we have 



where S(X) G f), Co G f)g, ci G fji z, j,l,m, fi(X), fJ,'(X) G K. The fact that A is 
skew-symmetric implies that S is skew-symmetric with respect to B^, i — 0, j = —A, 
m = A, n(X) = Bf,(co,X) and fi!{X) = —B^{ci,X). Moreover, since A is an odd 
invertible superderivation, it comes that 8 is an odd invertible superderivation of f) 
and the conditions (|4.11|) - (|4.15|) arc satisfied. So, we deduce that {\),B^) provided 
with the bilinear w 6 : f) x f) — >• K defined by w h (X, F) = B h (S(X), Y), MX, Y G f) is 
an odd-quadratic even-symplectic Lie superalgebra and (q,B,lj) is the generalized 
odd double extension of ([), 5^, cj(j) by means of (D, D,xq,Xi,Co,Ci,\). □ 

Remark 4.8. Since for any odd-quadratic even-symplectic Lie superalgebra (g, B, tu) 
we must have dimQ^ = dimgi and dimgQ is even, so we deduce that even-quadratic 
odd-symplectic Lie superalgebras exist only starting from dimension four. More- 
over, we prove that all 4-dimensional even-quadratic odd-symplectic Lie superal- 
gebra are obtained from {0} by generalized double extension by the 2-dimensional 
abelian Lie superalgebra. Indeed, let us consider (g := Keo©K/o®Kei©K/i, B, ui) 
an odd-quadratic even-symplectic Lie superalgebras and A the unique invertible 
skew-super-symmetric superderivation of q such that ui{x, y) = B(A(x), y), Vx, y G 
g. Following the Lemma [3.121 we can suppose that e = eo + e\ G 3(g) such that 
A(eo) = Aei and A(ei) = Aeo where A is a non-zero scalar. So we deduce easily 
that / := Keo©Kei is totally isotropic with respect to ui and with respect to B. On 
the other hand suppose that [/i,/i] = aeo + Pfo an d [/oj/i] = + Pfi, where 
a, (3, a, f3 G K. Using the fact that / is totally isotropic with respect to us and 
w(eo, /1]) = 0, w(ei, [/o, /1]) = 0we deduce /3 = and ft = 0. In addition since 
I is totally isotropic with respect to B and B(fo, [/□, fi\) = 0, it comes a = 0. So 
we deduce that g is obtained for {0} by generalized double extension by K/o © K/i 
by means of (0, 0, 0, 0, 0, 0, a). 

Corollary 4.9. Let (g,B,uj) be a non-null odd-quadratic even-symplectic Lie su- 
peralgebra. Then, g is obtained from {0} by a finite sequence of generalized odd 
double extension by the two-dimensional abelian Lie superalgebra. 



A(e ) 
A(ex) 

Apr) 



ie\ + a + jei 
1&0 + Co + me 
^X)e*+S(X) + f ,'(X)e* 1 
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5. Even-quadratic odd-symplectic Lie superalgebras 

To give inductive description of even-quadratic odd-symplectic Lie superalgebras, 
we will formalize the notion of generalized double extension of an even-quadratic 
odd-symplectic Lie superalgebra by the two-dimensional abelian Lie superalgebra. 
We start by introducing the generalized double extension of an even-quadratic Lie 
superalgebra by the two-dimensional abelian Lie superalgebra. 



Theorem 5.1. Let (g, B) be an even- quadratic Lie superalgebra, D and D two 
skew- symmetric superderivations on g which are respectively even and odd and let 
xq 6 Qq and x\ 6 gj such that the following conditions are satisfied 

D 2 = ^ad s (x ), 5{x ) = 0, B{x o ,x o ) = 0, (5.1) 

[D,D] = od,(xi), D(x ) = 2D(x 1 ). (5.2) 

Then, the ^-graded vector space t := KeQ © KeJ © g © Keo © Kei, where Keo © 
Kei is the two-dimensional abelian Lie superalgebra, endowed with the even skew- 
symmetric bilinear map [, ] : t X t — > t defined by 

[X,Y] := [X,Y] B -B(D(X),Y)e{+B(D(X),Y)e* , \/X,Y eg, 

[e ,X] := D(X) + B{x l ,X)e 1 \ 

[e 1} X] ■= D(X)-B{x ,X)e 1 *+B{x 1 ,X)e *, 

[ei,ei] := ke * + x , [eo, ei] := fee* + xi, keK, 

is a Lie superalgebra. Moreover, the super symmetric bilinear form 7 : t x t — > K 
defined by: 

"f\ gxg '—B, j{cq, eo) = 1 = 7(e*, e\) and"/ is null elsewhere, (5-3) 

is an invariant scalar product i. Ln this case, we say that (t, 7) is the generalized 
double extension o/(g, B) by the two-dimensional abelian Lie superalgebra Ke ffiKe! 
by means of (D, D, Xq, Xi, k). 



Example 5.2. Consider the Lie superalgebra £ introduced in Examvle \2.11\ and 
Q = £* © £ the trivial double extension of {0} by £. On £ we consider the even 
superderivation D defined in Example \2.11\ and we define the odd linear maps D by 

D(/ o )=0, D(fe ) = 2fci, D(h)=l , Dki=0. 

Doing some calculations, we can see easily that D is an odd superderivation on £ 
such that D 2 = and \D,D~\ = {0}. Now applying Lemma \2.1(A we obtain that D 
and D are two superderivations on g which are respectively even and odd such that 
D =0 and D,D = {0}. Consequently, by Theorem \ 5.1\ we can consider the 
generalized double extension of g by the two-dimensional abelian Lie superalgebra 
by means of (D, D,0, 0, 0) . 



Now we are going to introduce the generalized double extension of an even- 
quadratic odd-symplectic Lie superalgebra by the two-dimensional abelian Lie su- 
peralgebra. 
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Proposition 5.3. Let (q,B,u>) be an even-quadratic odd-symplectic Lie superalge- 
bra and 5 the unique odd invertible skew- symmetric superderivation on g such that 
u(X, Y) = B(S(X), Y), VX, Y <E q. Consider (t, 7) the generalized double extension 
of (g, B) &?/IKeo©Kei by means of (D,D,xo,x±,k). Lf there exist cq G go , c\ G gj , 
A € K \ {0} and a£l such that the following conditions are satisfied: 



[5 7 D]-XD = ad a (d), (5.4) 

[6,D]+XD = ad a (c ), (5.5) 

S(x ) = -2Xx 1 -2D(c ), (5.6) 

S( Xl ) = Xx + D(c )+D( Cl ), (5.7) 

Xk = B(c ,x ). (5.8) 

Then the following linear map A defined on t by: 



A(e* ) := Xe\, A(eJ) := Ae£, A(e ) := ae\ + ci + Aei, A(ei) := -ae* + c - Ae , 

A(X) := -B( Cl ,X)e* + 5(X) - B(cq, X)e\, 

is an invertible odd skew- symmetric superderivation on (t, 7). Consequently, 
(t, 7, f2) is an even- quadratic odd-symplectic Lie superalgebra, where Q : t X t — > IK 
is defined by 

Q(X,Y) := B(A(X),Y), VX,Yet 

The even- quadratic odd-symplectic Lie superalgebra (t, 7, 51) is called the general- 
ized double extension of (g, B, u>) by the two-dimensional abelian Lie superalgebra 
Keo © Kei by means of (D, D, xq, x%, Co, ci, A). 

Our next goal is to establish the converse of Proposition 15.31 

Proposition 5.4. Every even-quadratic odd-symplectic Lie superalgebra (g, B,uj) 
is a generalized double extension of an even- quadratic odd-symplectic Lie superal- 
gebra (f), Bff, tot)) by the two-dimensional abelian Lie superalgebra. 

Proof : Let A be the unique odd invertible skew-symmetric superderivation on 
g such that w(X,Y) = B(A{X),Y), \/X,Y G g. The fact that the field K is 
algebraically closed, A is invertible and A (3(g)) = 3(g), implies that there exists 
e * £ ^(fl) \ {0} sucn that A(e*) = Ae*, where A G K \ {0}. More precisely, we 
have e* = e*, + e*, where e*> G 3(g) R go \ {0} and e* G 3(g) R Qi \ {0}, such that 
A(e*|) = Ae* and A(e*) = Ae*,. We denote the graded ideal / := Ke*, ©Ke*. Since, 

AB(e*, e*) = uj(e*,e*) = -u(e* , e\) = -XB{e{,e\) = 0, 

it follows that / is totally isotropic. Consequently I C J, where J is the orthog- 
onal of / with respect to B. Now, as B is even and non-degenerate, there exists 
e G gg such that B(eo, eo) = and B(e*,, e ) = 1 and there exists ei G gi such that 
B(e*, ei) = 1. Since the Z 2 -graded vector subspace W := I (B Keo © Kei of g is not 
degenerate, it follows that g = W ffi f), where f) is the orthogonal of W with respect 
to B. It comes that B^ = S|^ x ^ is non-degenerate. Reasoning similar to Proposi- 
tion 14. 71 we infer that (f), [,] (l x (l , B§ , Wf, ) is an even-quadratic odd-symplectic Lie 
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superalgebra such that Wf, : t) X f) — > K defined by: 

LO h {X,Y) := B tt (S(X),Y),yX,Y G f), 

where <5 := p\ o AL and pi : f) © Ke^ © Ke^ — )■ f) denotes the projection + 
aeQ + (3e\) = X, for all X G f) and e K. Once more reasoning similar to 
Proposition 14.71 we obtain that g is the generalized double extension of (f), [, ]^ := 
[' 1 lf)xfi> CJ fi) by the two-dimensional abelian Lie superalgebra Keo © Kei by 
means (D, D, xo,xi,co,ci, A), where D = p\ o ad g (eo)\ t) , D = p\ o ad fl (ei)L, 

[ei.ej = + 5h( " A °' co) eg, [e ,ei] = *i + ^%££l e *, where x ,c G f) 5 and 
xi, c\ G fjj, Co = P2 ° A(ei) and ci = P2 o A(eo), where P2 : fl — ► f) denotes the pro- 
jection p 2 {ael + f3e\ +X + a'e a +/3'ei) = X, for all X G f) and a,f3,a',f3' G K. □ 

Remark 5.5. Since for any even-quadratic odd-symplectic Lie superalgebra (g, B, u>) 
we must have <iimgg = dimgj and dimgi is even, so we deduce that even-quadratic 
odd-symplectic Lie superalgebras exist only starting from dimension four. More- 
over, we prove that all 4-dimensional even-quadratic odd-symplectic Lie superalge- 
bra are obtained from {0} by the generalized double extension by the 2-dimcnsional 
abelian Lie super-algebra. Indeed, let us consider that (g := Keo © K/ © Kei © 
K/i, £?, w) is an even-quadratic odd-symplectic Lie superalgebras and A the unique 
invcrtiblc skew-super-symmetric supcrdcrivation of g such that ui(x, y) = B(A(x), y), 
Vx, y G g. Following the Lemma 15. 121 we can suppose that e = eo + e\ G 3(0) such 
that A(eo) = Aei and A(ei) = Aeo where A is a non-nul scalar. So, we deduce 
that L := Keo © Kei is totally isotropic with respect to B. On the other hand, we 
suppose that = aeo + Pfo and [/o,/i] = aei + /3/i, where a,/3,a, (3 G K. 

Using the fact that / is totally isotropic, B(ei, [fo, fi]) = 0, B(eo, [fi,fi]) = and 
B(fo, /1]) = B([f , fi] , it comes that f) = 0, f3 = and a = a. So we de- 
duce that g is obtained for {0} by that generalized double extension by K/ © K/i 
by means of (0, 0, 0, 0, , 0, 0, a). 

Corollary 5.6. Let (g,B,uj) be a non-null even-quadratic odd-symplectic Lie su- 
peralgebra. Then, g is obtained from {0} by a finite sequence of generalized double 
extension by the two-dimensional abelian Lie superalgebra. 

6. Homogeneous-quadratic homogeneous-symplectic Lie 
superalgebras and homogeneous manin superalgebras 

In [6], Theorem 5.7, it was proved that every even-quadratic even-symplectic 
Lie superalgebra over an algebraically closed field K is a special even-symplectic 
even-Manin superalgebra. In the same paper, the concept of generalized double ex- 
tension of a special even-symplectic even-Manin superalgebra was introduced and 
it was used to describe even-quadratic even-symplectic Lie superalgebras. In this 
section, we will proceed similar to [6], to give inductive description of homogeneous- 
quadratic homogeneous-symplectic Lie superalgebras by using homogeneous-Manin 
superalgebras. 

Definition 6.1. A homogeneous (i.e even or odd)-Manin superalgebra is a Lie 
superalgebra g which satisfy the following two conditions: 
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(i) g = a © b, where a and b are two Lie sub-superalgebras of g and g is the 
direct sum of the vector subspaces a and b. 

(ii) there exist a homogeneous (i.e even or odd)-quadratic structure B on g 
such that a and b are totally isotropic with respect to B. 

Definition 6.2. A special homogeneous-symplectic homogeneous-Manin super- 
algebra is a homogeneous-Manin supcralgcbra (g — a © b,B) provided with a 
homogeneous-symplectic structure w such that u>(a, a) = ui(b, b) = {0}. 

The following lemma can be proved in the same way of Lemma 5.6 [6]. 

Lemma 6.3. A homogeneous-symplectic homogeneous-Manin superalgebra (g = 
o© b,-B,w) is a special homogeneous-symplectic homogeneous-Manin superalgebra 
if and only if the homogeneous invertible skew- super symmetric superderivation A 
such that oj(X, Y) = B(A(X), Y), MX, Y G satisfies A(a) C a and A(b) C b. 

Theorem 6.4. Every homogeneous- quadratic homogeneous-symplectic Lie superal- 
gebra (q,B,lj) over an algebraically closed field is a special homogeneous-symplectic 
homogeneous-Manin superalgebra (g := o © b,B,uj). Moreover, we have either 
3 ( )rW{o} O r 3 (g)nb^{0}. 

Proof : In the first, we suppose that (g, B, ui) is an odd-quadratic odd-symplectic Lie 
superalgebra. In this case, the proof of the theorem is similar to the proof of The- 
orem 5.7 [5], where (q, B,uf) is a even-quadratic even-symplcctic Lie superalgebra 
since the invariance of B does not depend of the parity of B. Besides, the proof of 
Thcorcm l6.4l when (g, £?, uj) is an even-quadratic odd-symplectic Lie superalgebra is 
similar to the proof of Theorem [63] when (g, B, u>) is odd-quadratic even-symplectic 
are similar, so we prove only Theorem 16.41 when (q,B,uj) an even-quadratic odd- 
symplectic Lie superalgebra. Denotes A the unique odd invertible and skew- 
supersymmetric superderivation on g such that U)(X, Y) = B(A(X), Y), \/X, Y E g 
and Consider A := [A, A]. Since A is an even invertible and skew-symmetric su- 
perderivation on g, then by the proof of Theorem 5.7 [6], we have (g = o © b,B) 
is an even Manin superalgebra, where o := (B> e sp(A)+ A an d b := ©AeSp(A)- A 
(for more detail we can see [6]). On the other hand, it is not difficult to show that 
g A is stable under A, forall A in Sp(A). It comes that A(o) C a and A(b) C b and 
consequently, we obtain that (g, B, u) is a special odd-symplectic even-Manin super- 
algebra. Similar to Theorem 5.7 [6], we have either 3(g) flo^ {0} or 3(g) n b 7^ {0}. 
□ 

In the following, we are going to give inductive descriptions of special odd- 
symplectic odd-Manin supcralgcbras and inductive descriptions of odd (rcsp. even)- 
symplectic even (resp. odd)-Manin supcralgcbras. 

Inductive descriptions of special odd-symplectic odd-Manin super-al- 
gebras 
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Let (g := a © b,B,w) be a special odd-symplectic odd-Manin superalgebra 
and 5 the unique even invcrtiblc skcw-supcrsymmctric supcrdcrivation on g such 
that u{X,Y) = B(5(X),Y), V x .Ye s and 5(a) C a and 5(b) C b. Suppose that 
D G (Der s (g))j which leaves fa stable and xq G fag such that the conditions (|4.1j) 
are satisfied. Moreover, we suppose that there exist A G K \ {0} and c\ G b\ 
such that conditions (|4.4[) arc satisfied. Then the generalized odd double extension 
(g, B) defined as subsection 3.1 provided with bracket (|4.2[) , with k = , the 
skew-supersymmetric bilinear form (|4.3|1 and the even invertible superderivation A 
defined as (|4.5p is a special odd-symplectic odd-Manin superalgebra which we call 
the generalized odd Manin double extension of (g, B, u>) be the one-dimensional Lie 
superalgebra with null even part by means of (D, xo, ci, A). 

Proposition 6.5. Let (g, £?, w) be a special odd-symplectic odd-Manin superalgebra. 
Then g is a generalized odd double extension of a special odd-symplectic odd-Manin 
superalgebra (f), B^,^) be the one- dimensional Lie superalgebra with null even part. 

Proof : Since 3(g) figg ^ {0}, then 3(g) n ag ^ {0} or 3(g) n fag 7^ {0}. We suppose 
that 3(g) n ag ^ {0} and we denote / := Ke* where e* G 3(g) fl ag \ {0}. Clearly, I 
is totally isotropic and consequently / C J, where J = I with respect to B. From 
the non-degeneracy, the parity of B and the fact that B(a 7 o) = {0}, we deduce the 
existence of e G faj such that B(e*,e) ^ 0. Consider W := Ke* © Ke. Since W is 
non-degenerate, we have = W © f), where f) is the orthogonal of W with respect 
to B. It comes that B^ := B\ f]Xf] is non degenerate and J = / © (). As a C J, 

then a := Ke* © 0, where a = a fl f). Moreover, if we denote fa = fanJ = fanf), 
then we obtain easily f) = a © fa. Now, by the proof of Proposition 14.21 , we have 
(f), :=po[,] l^^jSfjjWf,) is an odd-symplectic odd-quadratic Lie superalgebra, 
where p : fa, © Ke* — > f) denote the projection p(X + ae*) = X , for all X 6 I). The 
odd-symplectic form cjj, on f) is defined by Wf,(A", F) = B^(8(X),Y) 1 VX,Y G f), 
where S := p o AL. Once more following Proposition 14.21 we have (g, is 
a generalized odd double extension of (f), [, Bf,, oj\j) by means (D,xo,k) where 
D = p o ([e, and [e,e] = xq + ke*. Now it remains to verify that 5(a) C a, 

^(fa) C fa, D(b) C fa, xo G fag and fc = 0. Since fa is a sub-superalgebra of g, then it 
is clear that Xq G ag and k = 0. In addition, the fact that J is a graded ideal of g, 
fa is a sub-superalgebra of g and A(fa) C fa and A(a) C a imply that 5 and D leave 
stable fa and 5(a) C a and so the result. □ 

Inductive descriptions of special odd (resp. even)-symplectic even 
(resp. odd)-Manin superalgebras 

In the following, we are going to introduce the notion of generalized double 
extension of a special odd (resp. even)-symplectic even (resp. odd)-Manin superal- 
gebra by the two-dimensional abelian Lie supralgebra. This notion is a particular 
case of the notion of the generalized double extension of even (resp. odd)-quadratic 
odd (resp. even)-symplectic Lie superalgebras by the two-dimensional abelian Lie 
superalgebra. 
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Let us consider (f) := o © b, B) an even (resp. odd)-Manin superalgebra, D and 
D two skew-supersymmetric superderivations of (f), B) which are respectively even 
and odd and which both leave b stable, x$ £ bg and x\ £ bj such that the con- 
ditions (fSTTj) and (j5~2]l of Theorem [5J] (resp. ((476]) and (|4J|) of Theorem 133) are 
satisfied. Then, the generalized (resp. odd) double extension (t, 7) of (f),i?) by the 
two-dimensional abelian Lie superalgebra by means of (D, D, xq, Xi, 0), obtained in 
Theorem 15.11 (resp. in Theorem I4.4() is an even (resp. odd)-Manin superalgebra. 
Explicitly t = © b, where := Ke^ © a © Ke* and b := IKe © b © Kei. 

We call the even (resp. odd)-Manin superalgebra (t = offi 6,7) the generalized 
(resp. odd) Manin double extension of (t) = a© b,B) by the two-dimensional Lie 
superalgebra Keo © Kei (by means of (D, D, xq, X\)). 

Now, we suppose that the even (resp. odd)-Manin superalgebra (f) = © b, B) 
admits a special odd (resp. even)-symplectic structure uj. We denote 6 the unique 
odd invcrtible skew-supersymmetric superderivation on f) such that u(X, Y) = 
B(S(X),Y), 5(a) C a and 6(b) C b. In addition, we consider (t, 7) the generalized 
(resp. odd) Manin double extension of the even (resp. odd)-Manin superalgebra 
(f), B) by Keo ©Kei by means of (D, D, xo, Xx). If there exist c £ bg, c\ £ b$, such 
that the conditions (|Q| - (f5~8l) of Proposition IOI (resp. (|4.11|l - (|4.15|l of Proposition 
I4.6[) are satisfied, then the odd invertible skew-supersymmetric superderivation A 
defined as in Proposition 15.31 (resp. Proposition 14. 6|) . with a = 0, leaves stable b 
and a. Consequently, (t, 7, SI) is a special odd (resp. even)-symplectic even (resp. 
odd)-Manin superalgebra such that f2 : t x t — > K defined by 

il(X,Y) :=7(A(X),Y),X,Y St. 

Proposition 6.6. Let (g = a © b,B,u;) be a special odd (resp. even)-symplectic 
even (resp. odd) -Manin superalgebra and let A be the unique odd invertible skew- 
symmetric superderivation of q such that cj(X,Y) = B(A(X),Y), VX, Y G g, 
A(a) C a and A(b) C b. If either 3(0) n a ^ {0} or 3(g) n b ^ {0}, then g is 
a generalized (resp. odd) double extension of a special odd (resp. even)-symplectic 
even (resp. odd)-Manin superalgebra (f) = a © b, -£?[,, Wf>) by the two-dimensional 
abelian Lie superalgebra. 

Proof : We suppose that 3(0) SI a ^ {0} (the case where 3(0) fib ^ {0} is similar). 
Since K is algebraically closed, A (3(3) Da) C 3(0) (~l a and A is invertible, then there 
exist e-o e (3(0) ("1 a) \ {0} and e\ E (3(0) n o)j \ {0} such that A(e„) = Xe{ and 
A(e*) = Aep where A e K \ {0}. We denote / := Ksq © Ke* and J its orthogonal 
with respect to B. As B is even (resp. odd), non-degenerate and B(a, a) = {0}, 
then there exist eo £ bg and e\ £ bj such that B(eQ, eo) 7^ {0} and B(e\, ei) 7^ {0} 
(resp. 2?(eQ,ei) 7^ {0} and B(e*,eo) 7^ {0}). Since the Z 2 -graded vector subspace 
W := 7 © Keo © Kei of non-degenerate, we have fl = W © f), where h, is the or- 
thogonal of W with respect to B and it comes that B^ = B\ f>xf) is non-degenerate. 
The fact that a C J and J = i" © f) , imply that a = I © a where a = a H f) . In 
addition, if we consider b = bnf) = bnJ, then we obtain b, = a © b. Moreover 
B„(o,o) = {0} = i? f ,(b,b). 
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First case: We suppose that (g, B, uS) is a special odd-symplectic even-Manin 
superalgebra. Then, following Proposition 15.41 (h. [. ]^ := [,]\ t)Xt) , Bt,,uit]) is an 
odd-symplectic even-quadratic Lie superalgebra. The odd-symplectic form uj^ is 
defined by Wf,(X,Y) = Bf,(6(X),Y),VX,Y G 1] such that 6 = p x o A|„ where 
pi : Ke„ ® Ke* © 1] — ► t) denotes the projection pi(X + ae„ + /3e*) = X,WX G 
t). Once more by Proposition 15.41 (g, B,w) is the generalized double extension 
of (fj, [,]^,S(,,a;(,) by Keo ffi Kei by means (D, £>, xo, xi, Co, ci, A), where Z? = 
Pi o ad B (e )| ()! D = p x o ad 5 (er\, x = p 2 ([ei, ei] fl ), xi = p 2 ([e , ei] fl ), c = 
P2 o A(ei) and C\ = p 2 ° A(eo). where p 2 : — ^ b denotes the projection 
p 2 (ae^ + /?e* + X + a'e + pe r ) = X, for all X G f), a,/3,a',/3' G K. Now,_as 
a = a Pi f) and A(o) C a, we deduce that (5(a) C a (analogously, we have 6(b) C b). 
Consequently, we have ((),[,] |^ x ^, wj,) is a special odd-symplectic even-Manin 
superalgebra. On the other hand, since b is a sub-superalgcbra of g and eo, ei G b, 
it follows that xo G bp and xi G bj. Once more, since b is a sub-superalgcbra of g 
and b = b H f), it follows that -D and £> leave stable b and so the result. 

Second case: We suppose that (g, £?, ui) is a special even-symplectic odd-Manin 
superalgebra. Using Proposition ^. 61 and the same reasoning of the first case of this 
proof we obtain the result. □ 
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